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Abstract — In this paper Network analysis is very important while doing any network related parameter operation which
may include circuit design, simplification. But, there are many circuits can not be analyzed or simplified by any conventional
circuit simplification method such as Kirchhoff’s Voltage Law and Kirchhoff’s Current Law, so we need to use some
techniques which are very much important for simplification which further help to find actual output or response of circuit.
For that we have Network Theorem using it circuit simplification gets very much faster so analysis becomes faster instead of
getting we do not get actual output or response of circuit, which contains some losses due to circuit elements that circuit
elements may be inductors and capacitors. For that we have to study about lossy components and their losses such as eddy
current loss, iron loss and core loss. All the inductors and capacitors have losses. If we wish to consider this losses, then the
resulting model is very bulky. So fractional order model of lossy inductor and for capacitor has been proposed. This project
is an attempt to contribute part in linear network circuits containing lossy passive elements. Using this fractional order we
are verifying our network theorem. Considering lossy elements we are going to implement the fractional equation for each of
circuit elements which make circuit reliable which helps to reduce its disadvantages and contribute to many bigger circuits to
reduce their losses. This project will helps many circuit designing and contributing to society as in many improved circuit
performance.

I. INTRODUCTION All of us are familiar with normal derivatives
df(t)  df?(t)
Many electric circuits are complex to analyse. To integrals, like, dt > dt* ;we have first order ;
reduce their complexity for analysis, network second order derivative or first integral, double
theorems are used. These theorems in many cases integral of a function. But everything in this world is
provide insight into the circuit’s operation that can not  including systems; Electrical networks, Graphs, Maps,
be obtained from mesh or nodal analysis. By using  Images. The traditional integral and derivative are, to
these theorems, the complicated circuits can be say the least, a staple for the technology professional,
modelled with a simple equivalent network. Thus, the  essential as means of understanding and working with
task of analysis gets reduced and simplified [4]. For  natural and artificial systems. So now we wish to have
the anal-ysis of electrical circuits, various theorems  half-order, pi™ order or (3 6i)" order derivative or
like Superposition theorem, Thevenin’s theorem, integral of a function. Fractional calculus means
Norton’s theorem, etc are used. In these electrical  derivatives and integrals of arbitrary real or complex
circuits, the circuit elements are generally resistors, order. Born in 1695, it is as old as the conventional
capacitors and inductors. The network theorems are integral calculus, but the real application of this
applied assuming that the circuit elements have ideal  branch of mathematics came in the recent years with
characteristics. But practically it is observed that for  the rapid advances in sciences and the need of more
the circuit elements like capacitor have dielectric loss  complex, powerful and reliable systems. It was a
where as inductor have core loss. The fractional-order ~ result of useful contri-butions from mathematician
models of these lossy elements (inductors and like Leibniz(1695), Euler(1730), Lagrange(1772),
capacitors) gives better representation as compared to  Laplace(1812), Fourier(1822), Abel(1823), Liouville
integer-order models. The fractional-order model of (1832)and Riemann(1876) who enriched this field
lossy inductor are proposed by Kruger and Schaffer  with their invaluable efforts. Schaffer and Kruger for
and FO model of lossy capacitor loss proposed by lossy inductor and Westerlund for lossy capacitor
Wester lund[10]. have provided the different equation
techniques.[7][8][10]
In this work, the network theorems are used for the
analysis of electrical networks with lossy inductors 1) Modeling of Lossy Coils using Fractional

and capacitors. Derivatives:
Coil exposed to eddy current and hysteresis losses are
A. Introduction to Fractional Calculus: conven-tionally described by an inductance with
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equivalent core-loss resistance connected in parallel.
The value of the equivalent core-loss resistance
depends on the working frequency and the external
wiring. Thus the model is not satisfactory. The
authors  Schaffer and Kruger proposed lossy
inductance using fractional derivatives containing
both a loss term and a storage term. After introducing
the theory of fractional derivatives, the operating
mode of the fractional coil model is explained by the
example of an RLC oscillating circuit. Subsequent
measurements of a series resonant circuit with a lossy
coil impressively confirm the theoretical model with
regard to both the frequency and time domains.
Usually, real coil shows a response characteristics that
differs from that of an ideal inductance. Due to the
inherent eddy current and hysteresis losses, this holds
particularly true for coils with a conductive
ferromagnetic core. The modeling of such coils is a
challenge that has not been satisfactorily copied with
until today. In the following, the behavior of a coil
with a solid iron core based on the associated RLC
series resonant circuit is shown as an examples[4] and
a highly proficient and generally valid model to
describe this coil is presented. The model is based on
a non-integer rational derivative. The model’s
advantages are its closeness to reality, its simplicity
and small number of parameters, although the
technical term and theory of fractional derivatives
seem unusual at first. However, they are a very
helpful mathematical tool. Conventional type of
equation for voltage across ideal inductor is given by
Vv, = L —dl(t)
dt
But for lossy inductor, fractional-order model of
inductor was proposed and validated by Schaffer and
Kruger, The voltage-current relationship is given by
[6], )
L’L(g :Lg*% (])

Parameter 5 and Ljs are the measures of core loss in the
inductor.

2) Fractional-order Model of Inductor in s domain:: Take
Laplace transform of (1) we get,

Vig(s) = L s"I(s)

T
Put s = jw
E%g):Lg*UWW
Eigizjﬁ*@a*wﬂ o
‘Ij((:)) = (X15,8) = X |cos % e 7” a

where

4 Br . Brm
B — lcos ;g
7 (€] 5 + 7sln 3

B. Modeling of Lossy Capacitor using Fractional Derivative

The theory of capacitors and dielectrics is a difficult subject.
Since, as it appears, almost every property that a dielectric
possess does require its own theory. The voltage current
relationship with ideal capacitor 1s given by

1
v = (_b */i(i‘) * dt

But for lossy capacitors, fractional order model of capacitor
has been proposed and validated by Wester Lund [6], The
voltage-current relationship is given by

1
ro_ a ;o g
"(_.‘ = T * S % E(f)dt
1) Fractional-order Model of Capacitor in s domain.: As
we know, for lossy capacitor, the voltage-current relationship
is

_ 1 ,
Vo= o J¥xi(t) x dt ()
0
Take Laplace transform of (4)
Ve(s) 1
IC‘(S) a C‘a ks
Put s = jw
Vels) . _
\ = a C‘, w 23 (5]
Tols) (G )
Vols) _ a, v
To(s) 7 e
Vels) _ v o= %o Teos @ — isin OF
To(s) = (X¢casa) = Xga {(-Ob 5 7sin 5 } (6)
where
T [(voq g sin ﬂ}
j s —gdn—

1. INTRODUCTION TO NETWORK
THEOREM

Many electrical circuits are complex, to reduce their
complexity, to analyze them easily network theorems
are used. These techniques in many cases do provide
insight into the circuit’s operation that can not be
obtained from mesh or nodal analysis. We can model
complicated circuit with a simple equivalent network,
then the task of analysis gets greatly reduced and
simplified. Some of the network theorems are as
follows:

Superposition Theorem

Thevenin’s Theorem

Norton’s Theorem

Maximum Power Transfer Theorem
Millman’s Theorem

Reciprocity Theorem
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A. Superposition Theorem Replacing X1.5, 7 and Xc,. o obtained in (7 and 8) and

(9 and 10) equivalent current is

1) Replacing all other independent voltage o o 3
sources with a short circuit (thereby eliminating I, = (157 +j0.911) % "1‘)?“_-”4,'384*}0
difference of potential i.e. V = 0; internal ; 13.87 — j0.0126)
impedance of ideal voltage source is zero (short I = 081+;0474
circuit)). By using Ohm’s law; we get equivalent voltage,

2) Replacing all other independent current
sources with an open circuit (thereby eliminating Vi= Do ld Keg, B Xaa, o) (14)
current i.e. | = 0; internal impedance of ideal o i o
current source is infinite (open circuit)). Replacing Xy 5, 7 and X,. o obtained in (7 and 8) and

(9 and 10) equivalent voltage is
In this work, the superposition theorem is applied to
the electrical circuits with lossy inductors and VI = (0814 ;0.47) (6.71—50.017).
capacitors. To the best of our knowledge this is an Vi = 5.44 4 j3.15V.

<

first attempt too analyze electrical circuits with °
lossy inductors and capacitors. The superposition v STEP 2:When30/20V source is acting alone; short the
theorem is applied in the examples given below for voltage source 20/30V
the circuits with lossy electrical elements. .
Example 1: Determine the voltage across (4 + X3,/ + —ﬁ"é‘\TWuB}Q
Xca, ) impedance for the network shown in fig 1. Sie
JKLD'H 02207 =F)
" PA(\q_/\/\/\,_ ; XLpp
50 Xlo.a XLB.B 7.0 %
140
b}q_u:u Fig. 3. Equivalent circuit with shorting First source for example 1.
() 20 230V 30 220V~
_— The equivalent impedance of parallel impedances is
— given by,

Fig. 1. Electrical circuit for example 1.

Calculating voltage across lossy inductor, Zp=0+Xea,0)||(d4+ X5 8+ X ). (15)
Consider Lg = 0.09, 5 = 0.1, f = 50H z.

For the lossy inductor, the impedance is obtained by (2) Replacing X5, 7 and Xc, o obtained in (7 and 8) and

(9 and 10) equivalent impedance is
Xppg=2xmxf)’ «Lg, (7) 7.55 — 50.021) % [6.71 — 50.017]

Zp = - ;
E 7.55 — j0.021) + [6.71 — j0.017]
_ 7 50.6601 — j0.2692
Xpp = (2#7%50)"" %009, P T 71426 ;0.038
Xrg = 016 Zp = 35526 — (941 « 10 3)mho.
The voltage current relationship;calculated 3 across inductor By using Ohm’s law; we get equivalent current,
by (3),
,, 30420
Br Ar - T T T T (16)
(X15.8) =X15 {cos (?) + jsin ( 2 )} ; (8) Zp+ (74 Xp5.8)
B Replacing X s, /4 obtained in (7 and 8),the equivalent
(Xrs.8) = 0.16[0.999 + j(2.74%107%)] , current is
- 3 = ) : 294 4 104
(Xps.4) = 01584 47 (438410 ) : 7 98.19 + j10.26
Calculating voltage across lossy capacitor, [3.5526 — j(9.41 % 10-3) + [7.16 4 j(4.384 + 10
Consider C,, = 0.07,a = 0.3, f = 50H =. o 28.19 4 j10.26
The impedance across lossy capacitor is given by (5) T 10.7126 — j(5.02 % 1073)°
) 1 I" = 2.63+50.96A.
Xea= Gams v O ©) The voltage current relationship; calculated a
across inductor by (6),
Y 1 (Xca, ) = Xca [cos(a;) —jsin(%)} , (10)
ACa = 75 03 et
(2% m % 50)3 % 0.07 (Xcar@) = 2.55[0.999 — j(8.22%107%)],
. _ 9FEE
Xoa = 2.55. (Xca,a) = 2.55— j0.021.
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o STEP 1:When 20/30V source is acting alone; short the

voltage source 30/20V

AMA—| ™ LA —
5O Xlo.o XLpp 70
: 40
Xlo.o
©(0) 20 £30 V
XLB.p

Fig. 2. Equivalent circuit with shorting second source for
example 1.

The equivalent impedance of parallel impedances is
given by,

Zp = (T+ Xis, B4+ Xpp, B+ Xca, o). (11)

Replacing X3, # and X¢y, a obtained in (7 and 8) and
(9 and 10) equivalent impedance is

7164 (4384 £ 107)) 1 [6.71 - j0.017)

Ip = — .
P 164 (4384« 10°3) £ [6.71 - j0.017
18,0436 - 10.0023
ZP = e o
1387 j0.0126
Zp = 3.4638-j(35 %107 mho.

By using Ohm's law; we get equivalent current,

: 20/30

= 12
Zp+(5+ Xca,0) 12

Replacing X¢4, a obtained in (9 and 10).the equivalent
current 18

' 17.32 4 10

34638 + j(3.5% 10-%) + [7.55 — 0.021]]
v 17.32 4 510 |

110138 — 50,0245
I' = 157409114,

By using Current divider rule;we get equivalent current,

P T+ Xp5.0

To=T % — .
S (4+ X1, 8+ Xcas0) + (HAL'N)(H)

Replacing X5, 7 and X g, v obtained in (7 and 8) and
(0 and 10) equivalent current is
71584 4 j(4.384 1071
*
13.87 — j0.0126)

IL = (1574 j0011)

I, = 081+ 0474,

By using Ohm's law; we get equivalent voltage,

'[':_é=Ifg*{4+X[,3..-3+.Y5'Q.e?t']. (14)

Replacing X5, 3 and Xy, o obtained in (7 and 8) and
(9 and 10) equivalent valtage is

7
Vi

v STEP 2:When30£20V source 1s acting alone; short the
voltage source 20430V

(0.81 4 j0.47) % (8.71  j0.017),
5.44 + j3.05V.

Fig. 3. Equivalent circuit with shorting First source for example 1.

The equivalent impedance of parallel impedances is
given by,

Zp=5+Xca.a)||(d+ Xs 5+ Xca. o). (15)

Replacing X} 5, 3 and X -, o obtained in (7 and &) and
{9 and 10) equivalent impedance is
7.55 — j0.021) + [6.71 — j0.017]
7.55 — j0.021) + [6.71 — j0.017]
50.6601 — 70.2692

14.26 — j0.038 °
Zp = 3.5526— (9.41 + 107 mho.

Zp =

Zp =

By using Ohm's law; we get equivalent current,

. 302
T Zp+(T+ X150

Replacing X, 1 obtained in (7 and 8),the equivalent
current is

i16)

i 28.10 + j10.26
[3.5626 — j(0.41 % 10~%) + [7.16 + j(4.384 + 10
i 210+ j10.26
10.7126 — j(5.02+ 10-3)"
I" = 2.63+;0.964.
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By using Current divider rule:we get equivalent current,

54+ Xoa,
(A+Xrs 0+ Xeoa,0)+(5+Xca, 0
(17)
Replacing X3, 5 and X, o obtained in (7 and 8) and
(9 and 10) equivalent current is

I=I"s

i 7.55 — 40,021
B = (BB5L00E) N e
s = AT 96— 70.038

"
I

1.41 +j0.514.

By using Ohm’s law; we get equivalent voltage,

Vi =TI¢*(4+ X584+ X0a,a).  (18)
Replacing X; 5, 3 and X ¢, o obtained in (7 and 8) and

(9 and 10) equivalent voltage is

VY = (L41+3051)%(6.71— j0.017),
VY = 9.35+3.41V.

By adding V¢ and V& we get total equivalent voltage,

Vs=Vg+Vs, (19)
Vs = [5.44+ j3.15]+[9.35+ j3.41],
Vs = 1479+ j6.54V.
TABLE |
RESULT OF SUPERPOSITION THEOREM BY VARYING
StNo. | 8 | Ly Vi Vg Vs
Lo {01009 544+5815 | 93547341 | 1479+ j6.54
01037007 | 553 4+322 | 0274334 | 1482+ 56,56
31057005 5.82+;3.38 | 9.075+;3.28 | 1489+ j6.66
4107003 | 620+ 5361 | 88247318 | 15.024j6.79
5109001 | 6.26+73.65 | 88147319 | 15.07+ 6.8

0.43
Scale:
0.428 X axis: 1em=0.1 T
¥ axis: 1em=0.002%
0.426 - T
0424 L / |
> ¥
0422} / 1
042 7 .
5
0.418 / g
- F—// ‘ . . ‘ ‘
0.1 0.2 03 0.4 05 06 0.7 08 09

beta

Fig. 4. Graph of superposition theorem by varying 3 for example 1.

RESULT: By solving above example using
different values of B we get different superposition
voltages;we conclude that [ increases then
superposition voltage is increases .

B. Thevenin’s Theorem

e Any linear network with voltage and
current sources and only impedance can be
replaced at terminals A-B by an equivalent
voltage source Vy, in series connection
with an equivalent impedance Zy.

e This equivalent voltage Vth is the voltage
obtained at terminals A-B of the network
with terminals A-B open circuited.

e This equivalent impedance Zy is the
impedance obtained at terminals A-B of
the network with all its independent
current sources open circuited and all its
independent ~ voltage  sources  short
circuited.

In this work, the Thevenin’s theorem is applied to
the electrical circuits with lossy inductors and
capacitors. To the best of our knowledge this is an
first attempt too analyze electrical circuits with
lossy inductors and capacitors. The Thevenin’s
theorem is applied in the examples given below for
the circuits with lossy electrical elements.

Example 2:
Using Thevenin’s theorem,determine Zy and Vqy
as shown in fig.5. below across A and B

2o oo
) P S N
O--; 2020V # L

S
\\\/ ['\///
xipp 0 <jl XLpH
N g
"4 R
1oVl N300
N 7

Fig. 5. Electrical circuit for example 2.

Calculating voltage across lossy capacitor,
Consider C, = 0.09,v = 0.1, f = 50H =.
The impedance across lossy capacitor is given by (5)

Xeo = T (20)
. 1
Xoa = (2% m % 50)0-1 % 0.097
Xca = 6.25.

The voltage current relationship:calculated o across inductor
by (6),
am

5 & 5% T
(Xca,a) = Xea {(’05( 5 ) —J sm(%)} . (20

(Xca ) = 6.25[0.990 — j(2.74 % 1077)],
(Xen o) = 6.25—50.017.

Proceedings of IRF International Conference, 25" December 2016, Kolkata, India, ISBN: 978-93-85832-29-1



Verification Of Network Theorems For Linear Electrical Circuits With Lossy Passive Elements Using Fractional-Order Modeling

Calculating voltage across lossy inductor,
Consider Lg = 0.07, 4 = 0.3, f = 50H z.
For the lossy inductor, the impedance is obtained by (2)

Xrg=2%m* )% Lg, (22)
Xrsg = (2%750)"%%0.07,
Xpa = 0.303.

The voltage current relationship;calculated 3 across inductor
by (3),

el B
(X, B) = Xrp COS(%) k] ﬁill(%)} , (23)

(X15,8) = (Xis,B)=0.393[0.999 + j(8.225% 107%)] ,

(X13,5) 0.393 4 j(3.23 % 107%).

« STEP 1: The equivalent voltage obtained with terminals
A-B open circuited.

Fig. 6. Equivalent circuit with terminals A-B open circuited for example 2.

Apply KVL to first loop in fig.6..the equivalent current
is

2020 — [(124+ X155+ (21 + Xcaa) #1 =0, (24

20
(124 X158+ (21 + Xcaw)]

Replacing (X 5, 5) and (X, ) obtained in (22 and 23)
and (20 and 21).the equivalent current is
20
39.633 — j0.014°
I = 0.505+ 7(1.75 % 107" A.

I =

Apply KVL to second loop 1n fig.6..the equivalent current
is

2070 — [(30 4+ X155 + (50 + Xeaa)] # T =0, (25)

20
[(30 4+ X155 + (50 + Xca,a)]
Replacing (X3, ) and (Xca o) obtained in (22 and 23)
and (20 and 21).the equivalent current is
20
86.633 — 50.014°
I = 02314 ;(3.67%107°)A.

I =

I =

By using ohm’s law,we get equivalent voltage

Vrg = V4 - Vg, (26)

Vrr = (124 Xrpp)*I — (30 + Xp58) * L.

Replacing (X3, 3) obtained in (22 and 23),the equiva-
lent current is

Vig = —0.764 j(1.95% 107V

o STEP 2: Equivalent impedance obtained with voltage
source short circuited.

XCoa 21Q 00 XCoo
A | 4B
Xigp 120 500 XLBP

Fig. 7. Equivalent circuit with shorting voltage source for example 2.

The equivalent impedance of parallel impedances is given
by,

Zra = (124 X5 8][21+ Xea.o) H(50+X 15 5130+ Xcq
27

Replacing (X5, 3) and (Xca o) obtained in (22 and 23)
and (20 and 21).the equivalent current is

Zrg = 8.52—j1.44%107%) +(21.08 — j(5.31 % 10
Zrg = 29.60 — j(5.45 % 107 mho.
TABLE 11
RESULT OF THEVENIN'S THEOREM BY VARYING e
Sr.No. o Cu Vg
I, 0.1 [ 009 | —0.76 + j(1.95 % 10—%)
2 031007 | —0.35+5(2.87%107%)
3. 0.5 | 0.05 —0.28 + j(2.57% 1079)
4. 0.7 [ 0.03 | —0.22 + j(2.005 10— %)
5. 09 | 001 | —0.198 + j(2.44 = 10~3)

RESULT By: solving above example using different
values of o we get different Thevenin’s voltages;we
conclude that o increases then Thevenin’s voltage is
decreases

3.142 T T T T T T T

Scale:
X oaxis: 1em=0.1
Y oaxis: 1cm=0.002v

34r

3138

3136

VT H

3134

932

313

L L L

3128 L : L .
01 02 03 0.4 0a 0.6 07 08 (IR}

alpha
Fig. 8. Graph of Thevenin’s theorem by varying a for example 2.

CONCLUSION

In the literature, it is proved that all inductors have
core loss and capacitors have dielectric loss. These
losses have impact on the response of the electrical
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circuits. In this work, the analysis of various network
theorems is carried out. The results are presented for
various values of a and B which describes the
amount of dielectric loss and core loss in capacitors
and inductors respectively. This is a first attempt to
anlyse electrical theorem with lossy electrical
elements.
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